In the paper modeling of impact phenomena with friction appearing in multibody systems is formulated using bond graphs. The approach used is based on the impulsemomentum balance equations. Impact is recognized by testing value of relative distance between two colliding bodies. A switch element is used which sets effort or flow at interaction to be zero. Problem becomes more complicated when friction acting in tangential plane is included in analysis. Discontinuous dry friction model is used to predict sliding in tangential direction and the conditions under which the motion ceases. Mathematical model is pretty complicated and causalities change during impact and separations of the bodies. To solve problem the mathematical model is generated in form of differential algebraic equation (DAE) and solved using form of Backward Differentiation Formulae (BDF) that allow high impulses during the impact.
Introduction
Phenomenon of impact often occurs in many engineering applications as machine tools, robotics, work machines, etc. Although modeling of impact is subject of investigation of many researches over long period, this problem is still attractive and challenging task, and it draws scientific attention.
The contact typically occurs intermittently, with abrupt changes in the value of system variables across the impact. This makes impact phenomenon very hard to analyze as shown in [15] . Problem becomes more complicated if friction forces are taken into account.
Generally, there are two basic approaches to analyze frictional impact in multibody dynamics: continuous and discontinuous. The continuous method supposes that force and deformation during contact continuously changing. In [2] continuous analysis method was presented for directcentral impact of two solids, where Hertzian models are used to represent the variation of the contact force during contact period.
Other approaches suppose that the impacts occur instantly with sudden changes of system's variables, especially velocities. Extended review of different contact-impact force models is given in [21] . Problems with discontinuities in framework of bond graphs is analysed in [16] . A systematic analysis of friction in context of bond graphs is presented in [25] .
Many authors have analyzed frictional impact in rigid multibody systems from different point of view [6, 10, 17, 23] . In [6] modified Poisson's law to model of multiple frictional impacts within a constrained multibody system is applied. Improved mathematical model of the planar impact with friction in which the rolling friction was taken into account is described in [10] . In [17] it is pointed out the importance of investigation of frictional impact with emphasis on the difficulties encountered due to discontinuities in behaviour of rigid bodies with Coulomb friction law. The goal of [23] was to present a unique algorithm to obtain an analytical solution of the post impact behaviour of three-dimensional rigid body collision problem.
Investigation of impact phenomena with friction within flexible multibody system is subject of many papers [4, 11, 18, 22, 24] . A formulation of frictional impact for planar flexible multibody system is presented in [4] , which was using the floating frame of reference formulation to model the flexible body and the graphic techniques developed by Routh to calculate normal and tangential impulses in the contact point. The model based on dry coefficient of friction and a nonlinear contact force with introduced a finite number of vibration modes to take into account the vibrational behaviour of the flexible body during impact is given in [11] . Dynamic analysis of flexible, nonlinear multibody system undergoing contact and involving friction and rolling is subject of investigation in [18] . The paper [22] presents discrete element approach to analyse deformable bodies combined with impact and friction. Investigation and comments on Painlevé problems are presented in [24] . This paper is extension of investigation presented in [15] . It is organized on following manner. The next section gives firstly a theoretical overview of friction model which is hereafter included in impact problem. At the end of the section, the bond graph model of frictional impact is developed and explained. Mathematical model formulation is discussed in the third section. Two numerical examples are given in the fourth part of the paper. Firstly, slider crank mechanism is chosen to present friction model. A flexible pendulum which falls under gravity force and hits to the rough surface is treated as the second example to verify model of frictional impact. Modelling and simulation were undertaken using object oriented program BondSim [5] . Finally, at the end of the paper are given concluding observations.
Contact force model 2.1 Friction model
Generally, in the cases when one solid slides over another the dry friction appears at the moment when motion starts. The friction force, called the static, increases to a maximum value, and according the Coulomb law it is defined by:
,
where  s is the static coefficient of friction and F N is component of the reaction force that is normal to the sliding direction. To start the motion friction force has to increase to the value of static friction force to break local micro welds. At the instance when motion starts the friction force decreases to value: ,
where  k is the kinetic coefficient of friction and it has direction opposite to velocity.
During the sliding the friction force satisfies the kinetic relationship:
During no sliding, i.e. when the equilibrium conditions hold, v = 0. However, when the motion just commences, i.e. the friction forces become larger than the static friction and local micro welds just break, there is practically momentary drop of the friction force to the kinetic friction value. These conditions could be described by
The friction force is not active force, and thus it cannot deliver positive power to the bodies. Therefore an additional condition is applied-if the power delivered by dry friction is positive, the sliding velocity is equal to zero:
Eqs. (3), (4) and (5) can be expressed in form of Clanguage like statement (Instead Greek symbol µ, a mu is used, because BondSim supports Latin characters):
Model of impact with friction
We assume that impact between two bodies will appear in point C, Fig.1 . Generally, for frictional impact there are two components of the contact force -one in normal F N and other in tangential direction F T . The component of the reaction force that is normal to sliding direction F N can be divided in elastic and dissipative part:
where γ is value of penetration of colliding bodies, K s is contact stiffness and D is dissipative constant. Coefficient n can have different values depending on the applied impact theory [7, 9] . To model impact between two bodies in Bond Graph setting a Bond Graph component is defined which models the underlying processes. The component has two power ports, which is used for interconnection of the colliding bodies. The internal structure of the component is depicted in Fig.2 . The contact force has components in both directions -sliding and normal to the sliding. The corresponding power ports are two dimensional and are described by pairs of flow and effort vectors. Flow and effort vectors are composed of components of bodies velocities projected to the normal (approach) and tangential (sliding) direction and corresponding force components, respectively.
Two upper 1-junctions give velocities of the approaching bodies in the normal direction. The summator + evaluates relative velocity of bodies in the normal direction, and after integration the relative distance between bodies in direction of the approach is 
found. Switch component defines conditions at the point of impact depending on value of relative distance between the bodies [5, 15] . The capacitive and resistive components of Fig.2 -C and R describe normal force components defined by Eq. (6). The first, elastic part, of the force is described by the C component and dissipative part by R component. The constitutive relations of these components are defined following Eq. (6). Developed value of friction force is supplied to Source Effort component SE that generates the friction force.
Mathematical model
As we see the friction model is rather complicated. It is of piecewise nature and it is not easy to express it in a explicit form. In addition, impact model is also of the same nature as described in [15] . Thus to solve impact problem with friction we do not use Bond Graph causality approach, but describe all the problem in terms of system of differential-algebraic equations (DAE). To do that we may use BondSim program [5] , which supports both causal and acausal approaches.
In the effect, problem is still causal, but with causalities that change often during the intermittent collision of the bodies. There were approaches to use a finite-spate machine and switching between state-space models. But by our experience the physical system is not easy to describe in this way, and if problem is not small it is not easy to implement this effectively. Thus we use DAEs approach.
To solve DAEs in BondSim program a special version of backward differentiation formulae (BDF) is used, which is based on the variable coefficient method. The method has specially procedure for the problem initialization. Regarding the impact problems we are analysing, the solver permits impulsive processes, i.e. processes which last for very short time, but some variables have extremely large magnitudes. This is case for instance with impulsive forces. As next example demonstrates the approach is both robust and relatively efficient.
Numerical examples
Two numerical examples are considered in this section. Friction model is presented on example of the slider crank mechanism that is chosen as the first numerical example. To analyse impact response and verify presented methodology an impact pendulum is analysed by simulation. This problem is also analysed in [4, 6, 7] .
Slider crank mechanism
The first numerical experiment is taken from [26] . The slider crank mechanism, Fig.3a , is set up in the vertical plane. It consists of three bodies -crankshaft (1), connecting rod (2) and slider (3). The crankshaft is driven with torque (in Nm): 
Impact of the pendulum
The preceding approach has been applied to the impact of a pendulum (Fig. 6 ). It falls under gravity force and hits the ground. Bond graph model of impact pendulum is depicted in Fig.7 . Two kinds of pendulum are considered in the paper: firstly, the pendulum assumed that it is rigid, and in the other case, taking into account its flexibility. At the system level of the project there are no differences between them, as shown Fig. 7 . They occur deeper on the next level of decomposition. To model the rigid pendulum it is applied methodology presented in [5] . The bond graph model of the flexible pendulum is developed as aggregation of the bond graph beam finite elements as the basic components. These elements are developed using corotation formulation, and different beam theories. In [4] , the floating frame of reference formulation is used to model the flexible pendulum.
Simulations are performed with the time step of 0.1 ms. Comparison of the time histories of rotation angle of pendulum for cases when it was modeled as flexible and rigid is shown in Fig. 8 . Other simulation results are presented in Figs. 9a-j. Figures 9a-h shows impulsive character of forces acting between the bodies during an impact. Figures 9i-j shows discontinuous change in angular and sliding velocity during the motion. The motion is discontinuous with beam hitting and bouncing of the ground. Comparison of simulation results for angle and angular velocity of the rigid pendulum with ones presented in [4] shows good agreement.
Conclusion
This paper presents methodology to develop frictional impact model in framework of bond graphs. Approach presented here is based on impulse-momentum model. Impact problem is characterized by sudden changes of variables which introduces a discontinuity in the model. Normal component of contact force is realized using switch components. On the base of values of the normal force and sliding velocity the friction force using dry friction model is developed. As long as the tangential force is less than the static friction force, the tangential force is equal to the static. When the motion began, the friction force is equal to the kinetic friction force.
Mathematical model is generated in form of DAEs and solved using BDF variable coefficient method.
To verify validity of proposed approach two examples are analysed. The simulation results obtained are in good agreement with ones of the other authors that used different formulations.
